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Abstract

A mathematical model for heat and mass transfer in a miniature heat pipe with a grooved wick structure is de-

veloped and solved analytically to yield the maximum heat transport rate and the overall thermal resistance under

steady-state conditions. The effects of the liquid–vapor interfacial shear stress, the contact angle, and the amount of

initial liquid charge have been considered in the proposed model. In particular, a novel method called a modified Shah

method is suggested and validated; this method is an essential feature of the proposed model and accounts for the effect

of the liquid–vapor interfacial shear stress. In order to verify the model, experiments for measuring the maximum heat

transport rate and the overall thermal resistance are conducted. The analytical results for the maximum heat transport

rate and the total thermal resistance based on the proposed model are shown to be in close agreement with the ex-

perimental results. From the proposed model, numerical optimization is performed to enhance the thermal performance

of the miniature heat pipe. It is estimated that the maximum heat transport rate of outer diameter 3 and 4 mm heat

pipes can be enhanced up to 48% and 73%, respectively, when the groove wick structure is optimized from the existing

configurations. Similarly, the total thermal resistance of these heat pipes can be reduced by 7% and 11%, respectively, as

a result of optimization.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Miniature heat pipes with a small outer diameter

(OD hereafter) of 3 or 4 mm have been widely used in

cooling microprocessors in notebook and desktop PC

applications due to their powerful heat transfer capa-

bility and small size. As the power density of critical

electronic components is increased, the need for a heat

pipe with a higher heat transport rate and a lower

thermal resistance is greater than ever in the develop-

ment of future electronic equipment. In order to cope

with this practical demand, it is necessary to enhance the

thermal performance of a miniature heat pipe, by opti-

mizing the wick structure of a heat pipe.

Since Cotter [1] introduced the concept of a micro

heat pipe, many investigations have been conducted to

characterize the thermal performance of micro/minia-

ture heat pipes used as a chip/module-level cooling de-

vice for electronic packaging. In the early stage of this

research, Babin et al. [2] developed a simplified numer-

ical model and conducted experiments for measuring the

maximum heat transport rate of a micro heat pipe,

which served as a foundation for subsequent research.

Wu and Peterson [3] investigated the transient behavior

of a micro heat pipe numerically and compared their

numerical results for the maximum heat transport rate

in steady-state operation with the experimental data of

Babin et al. Khrustalev and Faghri [4] developed a nu-

merical model for heat and mass transfer characteristics

occurring in a micro heat pipe with triangular grooves.

Their results showed that the liquid–vapor interfacial

shear stress and the contact angle could significantly

influence the maximum heat transport rate of micro heat
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pipes. Also, Khrustalev and Faghri [5] investigated the

effect of the thin film evaporation at the evaporator

section using a mathematical model developed for con-

ventional and flat miniature axially grooved heat pipes.

Hopkins et al. [6] conducted a numerical and experi-

mental investigation on a flat plate heat pipe with a

grooved wick structure, which is similar to the wick

structure of the circular miniature heat pipe in the

present study. Recently, Zhu and Vafai [7] developed a

two-dimensional analytical model for low-temperature

cylindrical heat pipes with a porous wick and obtained a

closed-form solution based on the assumed velocity

profiles of liquid and vapor. Oomi et al. [8] investigated

the maximum heat transport rate of miniature heat pipes

with a grooved wick structure using an experimental

method disregarding the heat loss in the experimental

apparatus.

If a mathematical model for predicting the thermal

characteristics of a heat pipe with a specific wick struc-

ture were developed, it would be a useful tool for de-

signing an optimized heat pipe with a higher thermal

performance. Even though there already exists a nu-

merical code developed by NASA to predict the maxi-

mum heat transport rate of a circular heat pipe with a

grooved wick structure, it is not appropriate as an op-

timization tool because its numerical results do not agree

well with the experimental results, as pointed out in [9].

The main objective of the present study is to develop a

new mathematical model by which one can predict the

thermal characteristics of the grooved wick heat pipe

with reasonable accuracy. The proposed model includes

the effects of the liquid–vapor interfacial shear stress,

the contact angle, and the amount of initial liquid

charge. In particular, a novel method called a modified

Shah method is suggested to account for the effect of the

liquid–vapor interfacial shear stress on the thermal

performance of a heat pipe. In order to verify the pro-

posed model, experiments for measuring the maximum

heat transport rate and the thermal resistance are con-

ducted and the experimental data are compared with the

results obtained from the proposed model. Finally, the

proposed model is applied to optimize the maximum

Nomenclature

D diameter

f skin friction factor

h heat transfer coefficient

hb container wall thickness in Fig. 2

hfg latent heat of vaporization

hg groove height in Figs. 1 and 2

hm meniscus height in Figs. 1 and 2

k thermal conductivity

K permeability of wick structure

L length

N total number of groove

P pressure

Q heat rate

r radius

R thermal resistance

Rg ideal gas constant

Rer Reynolds number in radial direction

tb groove bottom width in Fig. 1(b)

ts groove land width in Fig. 1(b)

T temperature

u velocity

x distance from beginning of the evaporator

section

Greek symbols

b tilt angle of heat pipe

e porosity of wick structure

c half angle of a groove (¼ p=N)
l viscosity

h solid–liquid contact angle

q density

r surface tension coefficient

s shear stress

n groove land angle in Fig. 1(b)

f groove wall inclination angle in Fig. 1(b)

Subscripts

a adiabatic section

b liquid block

c condenser section, capillary

crit critical

D Darcian

e evaporator section

eff effective

exp experimental

h hydraulic

i liquid–vapor interface

ini initial

l liquid

p pore

s solid

v vapor

w wall

work working

Superscript

– average
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heat transport rate and the thermal resistance of the

miniature heat pipe with a grooved wick structure, re-

sulting in the enhancement of thermal performance.

2. Mathematical modeling

2.1. Model for the maximum heat transport capability

When a meniscus is formed at the liquid–vapor in-

terface as shown in Fig. 1(b), the capillary pressure Pc
can be calculated by the well-known Laplace–Young

equation

Pc ¼ Pv � Pl ¼ r
1

rc1

�
þ 1

rc2

�
; ð1Þ

where rc1 and rc2 are the principal capillary radii of the
meniscus. Since rc2 is much larger than rc1, it is quite
reasonable to assume that rc1 � rcðxÞ and rc2 � 1. The
differential form of Eq. (1) then becomes

dPv
dx

� dPl
dx

¼ � r

rcðxÞ2
drcðxÞ
dx

: ð2Þ

If we express the liquid and vapor pressure gradient

terms in Eq. (2) using geometric variables and the cap-

illary radius, Eq. (2) can be solved numerically.

By modeling the grooved wick structure in Fig. 1(a)

as a porous medium, the liquid pressure gradient can be

expressed by

dPl
dx

¼ � lluD
K

; ð3Þ

which is known as Darcy�s law. Using the relationship
between the Darcian velocity (uD) and the averaged pore
velocity ðupÞ, uD=up ¼ e, and the mass flow rate in the
wick structure, _mml ¼ qlApupN , Eq. (3) becomes

dPl
dx

¼ � lleup
K

¼ � lle _mml
qlApNK

; ð4Þ

where the permeability of a groove with an arbitrary

cross-section, K, can be written as [10]

K ¼
D2h;pe

2fReh;p
: ð5Þ

For a closed circular flow passage, fReh;p (called the
Poiseuille number) equals 16, while for a flow passage

with a different cross-section the Poiseuille number is

different. However, the liquid flow passage of a heat pipe

is not enclosed but open to the vapor core region where

vapor flows in the direction opposite to the liquid flow.

These counter-flows of liquid and vapor cause an addi-

tional shear stress at the liquid–vapor interface, which

makes analysis of the liquid flow difficult. The effect of

the counter-flows on the interfacial shear stress can be

accounted for by introducing a correction factor, a,
when substituting Eq. (5) into Eq. (4), which results in

the following Eq. [11]:

dPl
dx

¼ � 2llfReh;p _mml
qlApND

2
h;p

a þ qlg sin b; ð6Þ

where the last term is included for a pressure drop due to

gravity. In Eq. (6), the Poiseuille number, fReh;p, the
correction factor, a, the actual liquid flow area, Ap, and
the mass flow rate of liquid, _mml need to be expressed in
terms of the geometric variables and thermo-physical

properties of the liquid in order to quantitatively eval-

uate the liquid pressure gradient.

Note that fReh;p in Eq. (6) is the Poiseuille number
for an open trapezoidal channel without liquid–vapor

interfacial shear stress and a is the ratio of an actual
liquid pressure gradient with the counter-flow effect in-

cluded to an ideal liquid pressure gradient with zero

vapor flow. This ratio can be expressed as

a ¼ 1þ Fw; ð7Þ
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Fig. 1. Schematic diagram of the grooved wick structure: (a)

cross-sectional view and (b) geometric shape and variables in a

groove.
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where

w ¼ Dh;psv;i
llup

¼ Dh;prv
2llup

dPv
dx

� �
;

F is a function of the geometric variables and the con-
tact angle and w is the non-dimensional shear stress at
the interface.

Quantitative evaluation of fReh;p and a using the

conventional CFD method is involved since the liquid

flow passage is geometrically complex due to inclined

walls and a curved interface. Moreover, the character-

istics of counter-current flows make it even more com-

plicated and require much effort and computational

time. In order to overcome these difficulties, we suggest a

powerful method called a modified Shah method, which

is the essential feature of present model. Details are

explained in Appendix A because it is rather involved

mathematically. It is worth mentioning that the modified

Shah method can be applied for an open channel with an

arbitrary cross-section. Based on the modified Shah

method, we suggest the correlations of fReh;p and F at
various contact angles for a trapezoidal open channel

with a wall inclination angle f of 84� and 76� (for each
OD 3 and 4 mm) in Table 1.

If we take into account the contact angle, which is an

interfacial property of the solid–liquid pair (the grooved

wall and the liquid), an actual liquid flow area below the

meniscus, Ap, can be written for rcðxÞ6 rc;crit as

Ap ¼ rcðxÞ cosðh þ n � cÞf2lþ rcðxÞ sinðh þ n � cÞg

� l2 tanðn � cÞ � rcðxÞ2
p
2

n
� hð þ n � cÞ

o
; ð8Þ

where

l ¼ 2rcðxÞ cos h þ n � cð Þ � tb
2 tan n � cð Þ ;

rc;crit ¼
2hg tan n � cð Þ þ tb
2 cos h þ n � cð Þ :

On the other hand, for rcðxÞ > rc;crit

Ap ¼ hg hg tanðn
�

� cÞ þ tb
�
� 1
2
rcðxÞ2 gð � sin gÞ; ð9Þ

where

g ¼ 2 sin�1 2hg tan n � cð Þ þ tb
2rcðxÞ

� �

and rc;crit is defined as a critical capillary radius beyond
which the radius of curvature for the meniscus cannot

increase without changing the given contact angle [6]. In

other words, rcðxÞ becomes rc;crit when l in Eq. (8) equals
hg, as shown in Fig. 1(b).
The mass flow rate of liquid, _mml, which is the final

information required to determine the liquid pressure

gradient, can be obtained from the energy balance at

each section as

_mml ¼ � _mmv ¼ �QðxÞ
hfg

: ð10Þ

In the present study, it is assumed that a uniform heat

flux is applied at the evaporator (condenser) section for

heating (cooling). Note that the present model includes

the effect of a liquid block [4] that is formed at the

Table 1

Correlations for Poiseuille number and F in Eq. (7)

Aspect ratio ðAsÞa< 1.5 Aspect ratioP 1:5

y0 þ a
 expð�b
 AsÞ þ c
 As a
 expð�0:5
 ðlogðAs=x0Þ=bÞ2Þ

Poiseuille number

Groove wall inclination angle ðfÞ ¼ 84� (OD 3 mm heat pipe)
y0 5:753h0:1841 a 14:11h0:06009

a 173:9� 5:3737h þ 0:0621h2 � 0:0002h3 b 2:083h0:0372

b 8:899� 0:1511h þ 2:196E� 3h2 � 7:866E� 6h3 x0 22:22h�0:3366

c 2:172þ 0:0011h

Groove wall inclination angle ðfÞ ¼ 76� (OD 4 mm heat pipe)
y0 6:391h0:1721 a 11:23h0:09313

a 137� 5:008h þ 0:07312h2 � 0:0003808h3 b 2:406h0:01303

b 4:901þ 0:01448h x0 19:29h�0:3836

c �0:8141þ 0:141h � 2:762E� 3h2 � 1:758E� 5h3

Wall inclination angle ðfÞ ¼ 84� (OD 3 mm) Wall inclination angle ðfÞ ¼ 76� (OD 4 mm)

F in Eq. (7)

y0 þ a
 expð�b
 AsÞ
y0 0:029� 1:475E� 4h þ 1:331E� 6h2 þ 3:059E� 4h3 y0 0:057� 5:749E� 4h þ 6:12E� 6h2
a 0:247� 3:35E� 3h þ 2:396E� 5h2 a 0:250� 4:87E� 3h þ 4:068E� 5h2
b 1:528� 0:0168h þ 1:417E� 4h2 b 2:054� 0:04227h þ 4:156E� 4h2

aAspect ratio is defined as (Wetted groove depth)/(Bottom groove width, tb).
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condenser section end cap due to a slight overcharging

of the working fluid. Because the thermal conductivity

of the liquid block is much lower than that of the solid

wall, the liquid block acts as a thermal barrier for the

condensation heat transfer. Accounting for the liquid

block length, we can express heating and cooling con-

ditions as follows:

QðxÞ ¼

x
Le
Qin; 06 x6 Le

Qin; Le6 x6 Le þ La

1þ LeþLa�x
Leff ;c

	 

Qin;

Le þ La6 x6 Le þ La þ Leff ;c;

8>>>>>><
>>>>>>:

ð11Þ

where

Leff ;c ¼ Lc � Lb:

The vapor pressure gradient appeared in Eq. (2), on

the other hand, depends on the condition of heat loading

because mass transfer associated with evaporation and

condensation affects the vapor flow characteristics. For

a two-dimensional incompressible vapor flow with

evaporation and condensation at the liquid–vapor in-

terface, Faghri [12] developed an analytical model for

the vapor pressure distributions at each section using the

continuity and momentum equations as

dPv
dx

¼

2 � 8jReej � 16
3
Re2e

� � l2v
qvr

4
v

	 

x;

06 x6 Le;
�8lv�uuv;a

r2v

	 

;

Le6 x6 Le þ La

2 8 Recj j � 16
3
Re2c

� � l2v
qvr

4
v

	 

xþ 16

3
Recj j � 8

� � lv�uuv;a
r2v

	 

;

Le þ La6 x6 Le þ La þ Leff ;c;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð12Þ

where

Rer;e ¼
Qin

2pLehfglv
; Rer;c ¼

Qin
2pLchfglv

; �uuv;a ¼
Qin

qvpr2vhfg
:

Assuming the vapor as an ideal gas, we can calculate

PvðxÞ at x ¼ 0 using the ideal gas law.
Combining Eqs. (2), (6), and (12) yields an ordinary

differential equation for rcðxÞ as

drcðxÞ
dx

¼ rcðxÞ2

r
2ll _mmlfReh;p
qlApND

2
h;p

a

 "
þ qlg sinb

!
� dPv
dx

#
:

ð13Þ

Using Eqs. (7)–(12), the correlations of fReh;p and F in
Table 1, Eq. (13) can be cast into the following form of

which the right-hand side is a function of several para-

meters:

drcðxÞ
dx

¼ f rcðxÞ; x;Qin; Twork; h; geometry;mini; bð Þ: ð14Þ

Once all the variables are specified, Eq. (14) can be

solved numerically using the fourth-order Runge–Kutta

method. Note that all the thermo-physical properties are

assumed to be constant and evaluated at the working

temperature of the heat pipe.

In solving Eq. (14), an initial value of rcðxÞ at x ¼ 0
and a convergence criterion are necessary, and can be

determined from physical insight. When a heat pipe

transports heat in a steady-state, rcðxÞ and hmðxÞ in Fig.
1(b) increase non-linearly from the evaporator section to

the condenser section. If a heat pipe is to transport a

maximum amount of heat, a minimum capillary radius

should be formed at the beginning of the evaporator

section and a maximum capillary radius at the point

where the liquid block starts in the condenser section [6].

In this situation, the minimum capillary radius can be

evaluated from the groove geometry as in Eq. (15),

which is used as the initial condition for rcðxÞ at x ¼ 0
for Eq. (14).

rc;min ¼
tb

2 cosðh þ n � cÞ � tanðn � cÞ 1� sinðh þ n � cÞf g½ 
 :

ð15Þ

Also, it is assumed that the maximum capillary radius

equals the vapor core radius at x ¼ Le þ La þ Lc;eff [4],
which is regarded as the convergence criterion of the

capillary radius for Eq. (15). The entire calculation

procedure may be summarized as follows:

(1) Assume an initial value of Qin ¼ 0:1 W in Eq. (14).

(2) Determine rc;min using Eq. (15).
(3) Calculate rcðxÞ using the fourth-order Runge–Kutta

method.

(4) From 0 to x, calculate the total mass of the liquid in
the grooves, ml, and the vapor, mv. Assume the re-
mainder of the inner volume of the heat pipe is filled

with the liquid mvir.
(5) If the overall mass balance condition, ml þ mvþ

mvir ¼ mini, is not satisfied, increase x ¼ xþ Dx and
return to step (3).

(6) If the overall mass balance condition holds but the

convergence criterion fails ðrcðxÞ < rvÞ, increase
Qin ¼ Qin þ DQin (typically, DQin ¼ 0:01 W) and re-
turn to step (2). If both the mass balance condition

and the convergence condition are satisfied at x, cal-
culate the liquid block length using Lb ¼ ðLaþ
Le þ LcÞ � x and regard Qin as the maximum heat

transport rate Qmax for the specified working temper-
ature.

For numerical simulations, Dx is chosen to be Le=100,
which is shown through grid tests to be small enough not

to affect the numerical results.
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2.2. Model for the thermal resistance

The total thermal resistance is another important

figure-of-merit of a heat pipe in addition to the maxi-

mum heat transport rate. To evaluate the total thermal

resistance, a simplified model for the averaged thermal

resistance of each section can be written as [13]

Qin ¼
Tw;e � Tv;e

Re
¼ Tv;e � Tv;c

Ra
¼ Tv;c � Tw;c

Rc

¼ Tw;e � Tw;c
Re þ Ra þ Rc

¼ DT

Rtot
: ð16Þ

If we consider the vapor as an ideal gas, the vapor

temperatures in the middle of the evaporator section and

the condenser section can be related to the vapor pres-

sures of each point by the Clausis–Clapeyron equation

because the phase change occurs at these points. Because

there is no heat transfer in a radial direction along the

adiabatic section, we can express the relation among

various temperature as

Twork � Tv;a ¼ Tw;a ffi
Tv;e þ Tv;c

2
: ð17Þ

Because Pv;e and Pv;c are obtained in Section 2.1 and Twork
is given, Ra can be derived using the Clausius–Clapeyron
equation and Eq. (17) as

Ra ¼
Tv;e � Tv;c

Qin
¼ 2

CQin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðCTworkÞ2

q�
� 1
�
; ð18Þ

where

C ¼ Rg
hfg
ln

Pv;e
Pv;c

� �
:

In order to simplify the determination of the aver-

aged thermal resistance of the evaporator section, Re,
and the condenser section, Rc as shown in Fig. 2(a) and
(b), the groove structure is approximated to be rectan-

gular rather than trapezoidal because f is greater than
76� for all cases under consideration. Also, the temper-
ature difference between the vapor and the liquid at the

liquid–vapor interface is assumed to be small and neg-

ligible [1].

The local thermal resistance of the evaporator and

condenser sections varies since the meniscus height,

hmðxÞ, changes along the axial direction. In this case, the
averaged thermal resistance of the evaporator and con-

denser sections can be determined by introducing an

averaged heat transfer coefficient as

Re ¼
1

�hheff ;eAe
¼ Le

Ae
R Le
0
heff ;eðxÞdx

; ð19Þ

Rc ¼
1

�hheff ;cAc
¼ Leff ;c

Ac
R LeþLaþLeff ;c
LeþLa

heff ;cðxÞdx
; ð20Þ

where

Ae ¼ Nðts þ tbÞLe; Ac ¼ Nðts þ tbÞLeff ;c:

For the heat flow in the evaporator section, Chi [13]

assumed that heat travels through two parallel paths:

one is through the groove fin and then through a

microfilm region formed at the liquid–fin interface,

Q1ðxÞ in Fig. 2(a) and the other is directly through the
liquid in the groove, Q2ðxÞ in Fig. 2(a). In that case,
the heat flux and the local heat transfer coefficient at the

evaporator section reduce to

qin ¼
Qin
Le

¼ N ½Q1ðxÞ þ Q2ðxÞ


¼ heff ;eðxÞNðts þ tbÞðTw;e � Tv;eÞ; ð21Þ
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Fig. 2. Heat flow paths and the thermal resistances: (a) evap-

orator section and (b) condenser section.
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heff ;eðxÞðts þ tbÞ ¼
1

ReðxÞ

¼ R1 þ R2ðxÞ þ R3 þ R4 þ R5ðxÞ
R1 þ R2ðxÞ þ R3f g R4 þ R5ðxÞf g ; ð22Þ

where

R1 ¼
hb
ksb

; R2ðxÞ ¼
hmðxÞ
ksb

; R3 ¼
1
�hhhg

;

R4 ¼
hb
ksa

; R5ðxÞ ¼
hmðxÞ
kla

:

The evaporation heat transfer in a groove is mainly due

to evaporation in the microfilm region. Chi [13] ac-

counted for this thin film evaporation by introducing the

film heat transfer coefficient, �hh, as

�hh ¼ kl=ð0:185bÞ: ð23Þ

In the condenser section, on the other hand, the

vapor is assumed to condense over the entire surface as

shown in Fig. 2(b). In this case, heat is conducted

through two separate paths: one is through the thin

liquid film on top of the fin and the through the fin, and

the other is through the liquid in the groove. The heat

flux and the local heat transfer coefficient in the con-

denser section can be formulated as

qin ¼
Qin
Leff ;c

¼ N ½Q3ðxÞ þ Q4ðxÞ


¼ heff ;cðxÞNðts þ tbÞðTw;c � Tv;cÞ; ð24Þ

heff ;cðxÞðts þ tbÞ ¼
1

RcðxÞ

¼ R6ðxÞ þ R7 þ R8ðxÞ þ R9
fR6ðxÞ þ R7gfR8ðxÞ þ R9g

; ð25Þ

where

R6ðxÞ ¼
�ddðxÞ
klb

; R7 ¼
ðhg þ hbÞ

ksb
;

R8ðxÞ ¼
hmðxÞ
kla

; R9 ¼
hb
kla

:

In the present study, the averaged condensate film

thickness �ddðxÞ is evaluated from the heat transfer model
at the condenser section suggested by Khrustalev and

Faghri [4].

Using Eqs. (22), (23), and (25), numerical integration

in Eqs. (19) and (20) can be performed to produce

the averaged thermal resistance of each section based

on the information about hmðxÞ which can obtained
from the results of Section 2.1.

3. Experimental investigation

In order to verify the proposed mathematical model,

experiments for measuring the maximum heat transport

rate and the thermal resistance are conducted and the

experimental data are compared with the numerical re-

sults obtained from the model. An experimental appa-

ratus for the heat pipe performance test is composed of

the evaporator section, the adiabatic section, and the

condenser section as shown in Fig. 3. Dots in Fig. 3

denote locations for temperature measurement.

At the evaporator section, a thin film heater provides

uniform heat flux to the upper and lower heating blocks

attached to the heat pipe. Three thermocouples are

soldered onto the outer wall of the evaporator section,

rolled around the heat pipe and pass through the holes

through the upper heating block. In order to reduce the

contact resistance, thermal grease (OMEGATHERM

201) is applied at all the contacting surfaces of the heat

pipe. A plate heat sink is mounted at the condenser

section. Three thermocouples are also instrumented on

the outer wall of the condenser section as in the evap-

orator section. Although two thermocouples were in-

stalled on the adiabatic section (x ¼ 0:13 and 0.17 m) in
the early stage of the experiments, the temperature dif-

ference between the two locations was found to be so

small that the adiabatic section could be assumed to be

an almost isothermal region. Therefore, one thermo-

couple is attached to the center of the adiabatic section

(x ¼ 0:15 m) and the working temperature is regarded as
the temperature at that point.

All the thermocouples are K-type (36Gage, 0.0127

mm in wire diameter, produced by OMEGA Engineer-

ing, Inc.) and rolled circumferentially around the wall to

minimize conduction heat losses through the thermo-

couple wires. The film heater is a standard Kepton

thermofoil heater (MINCO Products) with a resistance

of 23:3X � 10%. It is powered by a DC power supply
with an accuracy of �0.023% to the full-scale range,

which is manufactured by Agilent Technologies. Tem-

perature distributions of the heat pipe and the insulation

layer were observed and recorded by HP34970A, a data

Fig. 3. Schematic diagram of the experimental apparatus.
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acquisition unit with an accuracy of 1.0 �C manufac-

tured by Agilent Technologies.

The evaporator section and adiabatic sections are

insulated by ceramic fiber, the thermal conductivity of

which is 0.055W/mK, and a vacuum tube in order to

reduce the heat loss from the experimental apparatus.

Although there are insulation layers enclosing the

evaporator and the adiabatic sections, the associated

heat loss increases as the working temperature of the

heat pipe increases. To account for this heat loss, tem-

peratures are measured at 16 points on the ceramic fiber

insulation layer that covers the vacuum tube with K-

type thermocouples (30Gage, 0.0254 mm in wire dia-

meter, produced by OMEGA Engineering) as shown in

Fig. 3. The total heat loss from the apparatus is calcu-

lated using a one-dimensional conduction equation.

The maximum heat transport rate is regarded as the

maximum heat input rate minus the total heat loss that

does not cause partial dry-out at the beginning of the

evaporator section at the specified working temperature.

The experimental procedure can be summarized as fol-

lows:

(1) Warm up the heat pipe by supplying the power to

the film heater until the temperature at the adiabatic

section reaches a specified working temperature.

(2) Once the working temperature is obtained, increase

the heat load and adjust the speed of the cooling

fan carefully to maintain the working temperature.

(3) Repeat step (2) until dry-out at the beginning of the

evaporator section is observed, which can be de-

tected by a sudden temperature rise in the evapora-

tor section.

(4) Record all the temperatures of the experimental ap-

paratus and the heat input rate. Calculate the max-

imum heat transfer rate and the overall thermal

resistance.

The working temperatures are chosen to be 40, 50,

60, and 70 �C, which are in a typical temperature range
for electronic equipment cooling applications of heat

pipes. Two samples of each a 3 and 4 mm heat pipe, for

a total of four heat pipes, are tested. To verify the reli-

ability of the experimental results, the experimental

procedure for each heat pipe is repeated three times per

the specified working temperature. All experimental re-

sults are averaged values of six experimental results from

two heat pipes with the same outer diameter at the

specified working temperature.

Geometric parameters of the grooved wick structure

and other relevant specifications of the experiment are

summarized in Table 2. In order to measure the precise

values of the geometric variables, Scanning Electron

Microscope (SEM) pictures are used. Also, the initial

liquid charge rate is measured by a high precision-

weighing machine with an accuracy of 10�4 g.

4. Results and discussion

In Fig. 4(a), the numerical results are compared with

the experimental data for the maximum heat transport

rate of OD 3 and 4 mm heat pipes with a grooved wick

structure. For experimental data reduction, we consider

both the bias error from the thermocouples and the

precision error from the repeatability of the experi-

mental data. The uncertainty evaluation is performed in

accordance with a 95% confidence interval. Also, the

amount of heat loss with respect to heat input rate for

OD 3 and 4 mm heat pipes is about 28–32% and 15–21%

for the temperature range tested. When the experimental

data for the maximum heat transport rate are compared

with the numerical results, the maximum error is 3.8%.

The close agreement between the numerical results and

experiment data demonstrates the appropriateness of the

proposed model in the working temperature range of

40–70 �C.
Also, we can manifest the importance of the models

for the Poiseuille number and the correction factor a in
Fig. 4(b). Hufschmidt et al. [11] derived the analytic

solutions for the Poiseuille number and a in an open
rectangular channel with counter and co-current vapor

flow at the flat liquid–vapor interface. However, their

solution is restricted to a rectangular channel, and does

not account for the effect of the meniscus curvature and

the contact angle. If we use their solution to calculate the

Poiseuille number and a instead of the present model,
the maximum error is 99% compared with experimental

data as shown in Fig. 4(b).

Fig. 5(a) shows the liquid and vapor pressure distri-

butions along the axial length of the heat pipe obtained

from the mathematical model. Note that the vapor

pressure gradient equation (12), takes three different

forms; one equation for each section, to account for

mass transfer phenomena at the evaporator section and

Table 2

Specifications of the heat pipe with the grooved wick structure

OD 3 mm OD 4 mm

Number of groove (N ) (ea.) 26 40

Vapor core radius (Rv) (mm) 1.091 1.588

Groove depth (hg) (mm) 0.131 0.141

Groove bottom width (tb) (mm) 0.123 0.0915

Groove wall inclination angle (f) (�) 84 76

Working fluid Water

Initial amount of liquid charge (g) 0.15 0.20

Solid material Copper

Solid/liquid contact angle (�) [14] 33

Evaporator section length (cm) 10

Adiabatic section length (cm) 10

Condenser section length (cm) 9.5

Inclination of heat pipe (�) 0

Working temperature (�C) 40, 50, 60, 70

Manufacturer Furukawa Electric
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condenser sections. These mass transfer phenomena in-

fluence the velocity and pressure distributions along the

vapor core: the evaporated particles accelerate the vapor

flow and cause an additional pressure drop, while con-

densing particles decelerate the vapor flow and cause a

pressure recovery. However, there is no mass transfer in

the radial direction in the adiabatic section, and the

vapor flow in the adiabatic section becomes a Hagen–

Poiseuille flow. A close look at the vapor pressure dis-

tribution in Fig. 5(a) reveals these phenomena well.

Fig. 5(b) shows that the capillary radius increases

non-linearly along the axial direction and begins to in-

crease rapidly at the beginning of the condenser section.

This implies that the difference in the pressure gradient

between the liquid and the vapor begins to decrease

rapidly at the condenser section because the capillary

radius is inversely proportional to the pressure difference

between the liquid and the vapor.

Table 3 compares the experimental data with the

numerical results for the thermal resistance of the mini-

ature heat pipe between the evaporator and condenser

sections at the specified working temperature. The

maximum error in the total thermal resistance of OD 3

and 4 mm heat pipes based on the proposed model is

within 12.0% and 16.2%.

In order to enhance the thermal performance of the

heat pipe under consideration, an optimization of the

wick structure for the maximum heat transport rate and

the thermal resistance is performed. If we reduce tb
without changing f and the number of grooves in Fig.
1(b), ts will be increased and the groove will eventually
be formed in a narrower fashion. This leads to higher

capillary pumping force. At the same time, however, the

reduction of tb causes the reduction of Ap, which results
in higher flow resistance. This counteraction finally

contributes to either an increase or a decrease in the

performance of the heat pipe. Also, changes in the

groove design influence the total thermal resistance of
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Fig. 4. Results for the maximum heat transport rate: (a) com-

parison of the numrical results with the experimental data and

(b) comparisons of the results using the Hufschmidt�s solution
with experimental data.
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butions along the axial length of the heat pipe obtained from

the mathematical model: (a) liquid and vapor pressure distri-

butions and (b) capillary radius distribution.
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the heat pipe. Since the heat pipes in the present study

are commercial ones and have fixed grooved wick de-

signs, a parametric experimental study on the effect of

various tb is impossible. However, it is regarded that the
proposed model is valid for optimizing Qmax and Rtot
with different values of tb.
The effects of the optimization parameter tb on the

heat pipe performance are evaluated numerically and

shown in Fig. 6. From the result of the thermal opti-

mization, a narrow and deep groove has higher heat

transport capability and higher overall thermal resis-

tance. The maximum heat transport rate of an OD 3 and

4 mm heat pipe with an optimized groove wick structure

can be enhanced up to 48% and 73% and the total

thermal resistance can be reduced up to 7% and 11%

from the existing configurations.

5. Conclusion

A one-dimensional mathematical model for a min-

iature heat pipe with a grooved wick structure has been

developed to predict the thermal performance charac-

teristics including the effects of shear stress at the liquid–

vapor interface, the initial liquid charge, and the contact

angle. In particular, a novel method called a modified

Shah method is suggested and validated; this method is

an essential feature of the proposed model and accounts

for the effect of the liquid–vapor interfacial shear stress.

The analytical results based on the modified Shah

method are compared with those of previous investiga-

tions and excellent agreement is achieved. In order to

verify the proposed model, experiments for measuring

the maximum heat transport rate and the thermal re-

sistance are conducted. The analytical results for the

maximum heat transport rate and the total thermal re-

sistance based on the proposed model are shown to be in

relatively good agreement. From the numerical model,

we obtain the capillary radius distribution, as well as the

liquid and vapor pressure distributions along the heat

pipe under steady-state operation. Also, the model is

used for the thermal optimization of the grooved wick

structure with respect to the width and the groove

height. As a result, the maximum heat transport rate of

OD 3 and 4 mm heat pipes with an optimized groove

wick structure can be enhanced up to 48% and 73%,

respectively and the total thermal resistance can be re-

duced up to 7% and 11%, respectively, from the existing

configurations.

Table 3

Comparison of the numerical results with the experimental data

for the thermal resistance

OD 3 mm heat pipe

Twork (�C) 40 50 60

Re (�C/W) 0.069 0.068 0.068

Ra (�C/W) 0.064 0.021 0.012

Rc (�C/W) 0.0079 0.0083 0.0084

Rtot (�C/W) 0.14 0.097 0.088

DTexp (�C) 0.33 0.31 0.37

Rtot;exp (�C/W) 0.15 0.11 0.10

OD 4 mm heat pipe

Twork (�C) 40 50 60

Re (�C/W) 0.039 0.039 0.039

Ra (�C/W) 0.014 0.0055 0.0024

Rc (�C/W) 0.0076 0.0077 0.0077

Rtot (�C/W) 0.061 0.052 0.049

DTexp (�C) 0.30 0.29 0.31

Rtot;exp (�C/W) 0.066 0.049 0.043
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Fig. 6. Thermal optimization of OD 3 and 4 mm heat pipes

(Twork ¼ 50 �C) ((solid line) maximum heat transport rate and

(dashed line) overall thermal resistance): (a) OD 3 mm heat pipe

and (b) OD 4 mm heat pipe.
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Appendix A. Mathematical formulation and verification

of the modified Shah method

For simple flow passages with a circular or rectan-

gular cross-section, the velocity field and pressure dis-

tributions can be derived using an analytic method.

However, it is difficult to obtain the flow characteristics

analytically for an open channel with an arbitrary cross

section, which in turn requires heavy reliance on exten-

sive CFD simulations or expensive experiments. In order

to eliminate this difficulty, a new method based on the

one proposed by Shah [15] is suggested to determine the

flow characteristics for an open channel with an arbi-

trary cross section where counter-current flow exists

across the open interface.

The governing equation and boundary conditions for

fully-developed liquid flow along an open channel with

an arbitrary and constant cross section, and counter-

current flow at the open interface (shown in Fig. 7) can

be expressed by

r2ul ¼
1

r
o

or
r
oul
or

� �
þ 1

r2
o2ul
oh

¼ 1

ll

dPl
dz

¼ C1; ðA:1Þ

BCs

ul ¼ 0 on Cwall
sl ¼ �sv on Cinterface

By applying the following transformation in Eq. (A.2),

as Shah [15] suggested, the governing equation and the

boundary condition can be reduced to Eq. (A.3)

� ul
C1

¼ u�l �
r2

4
; ðA:2Þ

r2u�l ¼ 0; ðA:3Þ

BCs

u�l ¼
r2i
4

on Cwall

ll
oul
on

� �
¼ �lv

ouv
on

� �
on Cinterface

where n represents the normal direction to the liquid–
vapor interface. Assuming that the vapor velocity at the

interface equals zero, the liquid velocity gradient term in

the above boundary condition becomes

oul
on

� �
¼ � lv

ll

ouv
on

� �
¼ fReh;v
2Dh;v

lv
ll

�uuv: ðA:4Þ

In the meantime, Eq. (A.3) has a series solution in the

form of

u�l ¼ a0 þ
XN
j¼1

rj aj cosðjhÞ
�

þ bj sinðjhÞ
�

ðA:5Þ

or

� ulðr; hÞ
C1

¼ � r2

4
þ a0 þ

XN
j¼1

ri aj cosðjhÞ
�

þ bj sinðjhÞ
�
:

ðA:6Þ

Differential form of Eq. (A.6) yields

� 1

C1

oulðr; hÞ
on

¼ � r
2

or
on

� �
þ
XN
j¼1

jrj�1 cosðjhÞ or
on

� ��

� r sinðjhÞ oh
on

� ��
aj

þ
XN
j¼1

jrj�1 sinðjhÞ or
on

� ��
þ r cosðjhÞ oh

on

� ��
bj:

ðA:7Þ
Fig. 7. Schematic view of a channel with an open and arbitrary

cross-section.
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From Eq. (A.5), u�l can be evaluated as long as we de-
termine the 2N þ 1 unknown coefficients a0; aj, and bj.
This can be done by applying boundary conditions at

the wall and the liquid–vapor interface. Along the wall,

n points are selected to conform to the geometry of the
open channel and a no slip condition is applied to gen-

erate n boundary conditions for Eq. (A.6). Similarly, m
points are selected along the liquid–vapor interface

where the continuous shear stress condition is applied to

generate m boundary conditions for Eq. (A.7). Since

nþ m ¼ 2N þ 1, these 2N þ 1 equations generated from
Eqs. (A.6) and (A.7) can be solved using linear algebra.

Also, two gradient terms in Eq. (A.7) can be derived

from a geometric relationship by assuming a circular

interface as

dr
dn

¼ sin h cos c � cos h sin c; ðA:8Þ

dh
dn

¼ 1
r
cos h cos cð � sin h sin cÞ; ðA:9Þ

where

cos c ¼ k2 þ r21 � r2

2kr1
; sin c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 þ r21 � r2

2kr1

� �2s
:

To evaluate the ratio of the actual liquid pressure

drop with the counter flow effect included to the ideal

liquid pressure drop with no vapor flow effect, as in Eq.

(7), iterative calculations are needed and the entire cal-

culation procedure can be summarized as follows (a

primed variable denotes that it is affected by non-zero

vapor flow).

(1) Generate 2N þ 1 equations and solve these equa-
tions for, a0, aj and bj in Eqs. (A.4), (A.6), and
(A.7) for a no vapor flow case.

(2) Calculate ��uul=C1.
(3) Assume the averaged vapor velocity �uuv and the aver-

aged liquid velocity �uu0l ¼ �uul and take C1 as C0
1.

(4) Solve the equations for, a0; aj and bj in Eqs. (A.4),
(A.6), and (A.7).

(5) Recalculate C0
1 based on a0; aj and bj and replace

C0
1;old with C0

1;new.

(6) Repeat (3) to (5) until C0
1;old � C0

1;new.

(7) Calculate the pressure drop ratio along the open

channel relative to the closed channel with an arbi-

trary cross-section from following equation.

dP
dz

� �0

l

,
dP
dz

� �
l

¼ �uu0l
�uul

R
Ac
f ðr; hÞdAcR

Ac
f 0ðr; hÞdAc

¼ a: ðA:10Þ

In order to check the validity of the modified Shah

method, numerical results based on modified Shah

method are compared with those presented by Ayya-

swami et al. [16] and Hufschmidt et al. [11]. In com-

parison to numerical results by Ayyaswami et al., the

maximum error for the Poiseuille number is 0.2% as

shown in Fig. 8(a). Also, in comparison to analytic re-

sults by Hufschmidt et al., the maximum errors for the

Poiseuille number and a are 0.02% and 2%, respectively,
as shown in Fig. 8(b). This excellent agreement confirms

the validity of the modified Shah method.
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